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Quantifying nonclassicality of a bosonic mode is an important but challenge task in quantum optics. Recently,
the first nonclassicality measure based on the concept of operational resource theory has been proposed [Phys.
Rev. Research 2, 023400 (2020)], which shows several crucial properties as a resource for quantum metrology.
Here we apply the measure to evaluate and categorize different classes of nonclassical states. We discover a
class of states that can achieve the maximum nonclassicality in the asymptotic limit of large mean number of
excitations. These states can provide the same sensitivity in place of a squeezed vacuum in a sensing scheme,
e.g., the LIGO experiments. We also discover that the nonclassicality of certain states can be greatly improved
with a single-photon addition. Besides, we explore some examples on how to evaluate analytically the nonclas-
sicality of mixed states, which are in general difficult to calculate due to the convex roof nature of the measure.
Our results will be useful for preparing and utilizing nonclassical states for applications in precision sensing
tasks, such as quadrature sensing and phase sensing in a Mach-Zehnder interferometer.
I. Introduction
Nonclassical states of bosonic modes, such as optical fields
[1], motional states of trapped ions [2] or mechanical os-
cillators in optomechanical systems [3], are important re-
sources for quantum-enhanced technologies [4], including
quantum communication [5–7], quantum computation [8–12],
and quantum metrology [13–30]. This is enabled by the super-
position of coherent states, the most intriguing feature of non-
classical states. Due to its potential as an important resource,
quantitative understanding of single-mode nonclassicality is
crucial to the field of quantum optics and related subjects.
The minimum requirement for obtaining a nonclassicality
measure is that a quantification is nonnegative for any state
and it is zero only if the state is classical. Based on this
requirement, there have been many different measures pro-
posed for quantifying single-mode nonclassicality, including
the nonclassical distance [31, 32], the nonclassicality depth
[33], the entanglement potential [34], and quantifications via
the Schmidt rank [35, 36]. Many of these interesting defini-
tions capture some aspects of the intriguing nonclassical fea-
ture. For example, the quantifications using the Schmidt rank
are defined to be proportional to the minimum number of co-
herent superpositions in a quantum state [35].
Recently, quantifying nonclassicality has been studied on
a stricter notion based on resource theories (RTs) [37–39].
According to RTs, all quantum states can be categorized into
two groups, one being free states and the other being resource
states. In addition, RTs define a set of operations as free op-
erations such that they can not increase the quantity of in-
terest on any state. For the resource theory of nonclassical-
ity [37], the free states are classical states and the resource
states are nonclassical states. A natural choice of free quan-
tum operations for nonclassicality is the set of classical oper-
ations, such as applying phase shifts and beam splitters. By
being a stricter definition, an RT nonclassicality measure has
to both satisfy aformentioned non-negativity and be monoton-
ically non-increasing under any classical operations [38].
While RTs provide the basic methodology for defining a
measure of nonclassical states in terms of resources [39], they
do not necessarily require a measure to quantify the ability of
quantum states to provide enhanced performance for certain
tasks, such as precision sensing, which is referred as ”opera-
tional” [40]. Recently, there have been some efforts devoted to
the study of an operational resource theory (ORT) of nonclas-
sicality [41–43]. An important RT measure of nonclassicality
in terms of mean quadrature variance has been proposed by
Yadin et al. [41] and Kwon et al. [42] independently. The
measure has the meaning of the metrological enhancement
beyond the standard quantum limit for an averaged sensing
task for pure states, however, it is unknown if it has a direct
operational meaning in terms of metrology for mixed states
[42]. Ge et al. [43] proposed the first operational resource
theory measure of nonclassicality, which satisfies the mini-
mal requirements of an RT, quantifies the ability to perform
quadrature sensing for pure states, and is a tight upper bound
for the latter for mixed states. Interestingly, this measure also
quantifies macroscopicity [44] of nonclassical states in terms
of the averaged size of coherent superpositions.
In this work, we apply the ORT measure to evaluate the
nonclassicality of single-mode quantum states, both pure and
mixed. While some pure-state examples have been given in
Ref. [43] to show the concept and the crucial properties of
ORT of nonclassicality, there are some interesting questions
remaining about evaluating single-mode nonclassicality using
the measure. First, the ORT measure suggests the maximum
nonclassical state for a fixed energy is a squeezed vacuum
state [43]. Then an interesting question is that is it possible
to find other states that may achieve this maximum nonclas-
sicality asymptotically in certain limiting case. Second, are
there any simple operations to greatly enhance nonclassicality
of a quantum state? Third, the ORT measure for a mixed state
is based on a convex roof construction, where a minimization
is over all possible decomposition of a quantum state. Then
an important question is how to calculate nonclassicality for
mixed states at least for some classes of states.
We answer these questions in this work by evaluating
many examples of single-mode quantum states, including
Fock states, squeezed coherent states, cat states, single-photon
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2added states, and mixed states in diagonal Fock basis. We cat-
egorize the sets of quantum states using the ORT measure and
its relation to quadrature sensing. In particular, we catego-
rize the group of nonclassical pure states into three classes
depending on their nonclassicality. We find that there is a
class of states that are as nonclassical as a squeezed vacuum in
the asymptotic limit of a large number of average excitations,
which provides interesting alternatives for quantum metrol-
ogy. We also investigate the nonclassicalities of a quantum
state before and after single-photon addition. Our results show
that single-photon operations can greatly increase the non-
classicality of a state quantified by the ORT measure, which
will be important for preparing strong nonclassical states us-
ing weaker nonclassical states. For mixed states with finite
dimensions, we show some examples of calculating the non-
classicality by analytically finding the convex roof using the
measure. Our results show that the nonclassicality of some
Fock state superpositions may not be affected by coupling to
an environment, e.g., phase damping. For mixed states with
infinite dimensions, we calculate lower bounds for the mea-
sure.
The paper is organized as follows. In Sec. II, we intro-
duce the ORT measure of nonclassicality and its relation to
two important quantum sensing tasks. In Sec. III, we inves-
tigate extensively examples of nonclassical states using the
ORT measure. In Sec. IV, we compare the ORT measure with
some existing measures of nonclassicality. We summarize the
main results of this work in Sec. V.
II. Some Basics of Nonclassical States
A. Operational Nonclassicality Measure
We begin by introducing the definition of a nonclassical
state. A single-mode quantum state ρˆ can be represented using
the Glauber-Sudarshan P function [45, 46] as
ρˆ =
∫
P(α, α∗) |α〉 〈α| d2α. (1)
The state ρˆ is defined as classical if the probability distribu-
tion function P(α, α∗) is positive definite mimicking a classi-
cal probability density over the coherent states |α〉. The state
is nonclassical if P(α, α∗) is singular and not positive definite
[1, 33].
Now we introduce the operational resource theory measure
of nonclassicality given by [43]
N (ρˆ) = min
{p j,|ψ j〉}
{
max
µ
∑
j
p j〈ψ j|(∆Xˆµ)2|ψ j〉
}
− 1
2
= min
{p j,|ψ j〉}
{∑
j
p j
(
n¯ j − |α¯ j|2
)
+
∣∣∣∣∣∑
j
p j
(
ξ¯ j − α¯2j
)∣∣∣∣∣}, (2)
where the minimization is over all possible ensembles with
ρˆ =
∑
j p j |ψ j〉 〈ψ j| (p j > 0 and ∑ j p j = 1) and the max-
imization is over all possible quadratures, defined by Xˆµ =
i
(
e−iµaˆ† − eiµaˆ
)
/
√
2 in which aˆ is the annihilation operator
⇢ˆ
(a)
e iXˆµ✓
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FIG. 1. Quantum sensing tasks. (a) Quadrature sensing using a
single-mode quantum state ρˆ. (b) Phase sensing in a balanced Mach-
Zehnder interferometer using ρˆ with a classical resource, i.e., a co-
herent state |αr〉.
for the bosonic mode and µ ∈ [0, 2pi]. In the second line
of Eq. (2), we have used the moments n¯ j ≡ 〈ψ j| aˆ†aˆ |ψ j〉,
ξ¯ j ≡ 〈ψ j| aˆ2 |ψ j〉, and α¯ j ≡ 〈ψ j| aˆ |ψ j〉. Hence, one can see
that N (ρˆ) = 0 for a classical state using the coherent-state
decomposition from the definition in Eq. (1).
Unlike the nonclassicality witness via squeezing (minimum
variance) [1], the definition Eq. (2) manifests itself as the
maximum quadrature variance, which is shown to give rise to
the relation to quantum-enhanced metrology. For pure states,
the measure reduces to
N(|ψ〉) = n¯ − |α¯|2 + ∣∣∣ξ¯ − α¯2∣∣∣ , (3)
where n¯ ≡ 〈aˆ†aˆ〉, ξ¯ ≡ 〈aˆ2〉, and α¯ ≡ 〈aˆ〉.
In general, the definition N (ρˆ) has been shown [43] to sat-
isfy (i) Non-negativity: N (ρˆ) ≥ 0 for any state ρˆ where the
equality holds if and only if ρˆ is classical; (ii) Weak mono-
tonicity: N cannot be increased by any classical operation
Λ, i.e., N (Λ[ρˆ]) ≤ N (ρˆ); (iii) Convexity: ∑ j p jN (ρˆ j) ≥
N
(∑
j p jρˆ j
)
for any quantum states ρˆ j and probabilities p j.
A classical operation can be augmentation by any number of
classical states, the application of any passive linear optical
operations and displacements, or tracing out of the auxiliary
modes. The first two conditions are the minimum require-
ments for a meaningful measure in the RT of nonclassicality.
The concept of the ORT of nonclassicality [41–43] in ad-
dition requires a RT measure to have an operational meaning
such that it relates to the ability for performing certain tasks.
This will be discussed in the following when we introduce
the tasks of quadrature sensing and phase sensing in a Mach-
Zehnder interferometer.
B. Quantum Metrology with Nonclassical States
1. Quadrature Sensing
In quadrature sensing, the task is to estimate an unknown
parameter θ that is encoded in a state ρˆ via unitary dynamics,
i.e., ρˆ(θ) = e−iXˆµθρˆeiXˆµθ as shown in Fig. 1 (a). Quadrature
sensing has many applications, such as continuous-variable
3quantum crytography[7] and mechanical displacement sens-
ing [47]. According to the quantum Cramer-Rao bound [15],
the estimation sensitivity of an unbiased estimator Θ for the
parameter θ satisfies
∆2Θ ≥ 1
MFX (ρˆ)
, (4)
where M is the number of repetitions and FX (ρˆ) =
4 maxµ
[
min{p j,|ψ j〉}
{∑
j p j〈ψ j|(∆Xˆµ)2|ψ j〉
}]
is the optimized
quantum Fisher information (QFI) over µ for the state ρˆ(θ)
[23, 24]. For a classical state, FX (ρˆ) ≤ 2 and ∆Θ = 1/
√
2M
is defined as the standard quantum limit (SQL) in quadra-
ture sensing. Therefore, the metrological power for quadra-
ture measurement isW (ρˆ) ≡ 1/4 max[FX (ρˆ)− 2, 0] [42, 43],
quantifying the amount of metrological advantage beyond the
SQL. The operational meaning of the measure N is given by
the following relation with the metrological powerW(ρˆ) [43]
N (ρˆ) ≥ W(ρˆ), (5)
where the equality holds when ρˆ is a pure state, meaning that
every nonclassical pure state is useful for beating the SQL in
quadrature sensing.
Using the concepts of N andW and their relation, we can
visualize different sets of states in Fig. 2. For example, the set
of classical states is given byN (ρˆcl) = 0 and the set of metro-
logical useful states is given by W
(
ρˆmp
)
> 0. In between,
there is a region of nonclassical states with a zero metrolog-
ical power, i.e., N (ρˆnc) > 0 and W (ρˆnc) = 0, as shown in
the figure. Since every nonclassical pure state has a nonzero
metrological power, a nonclassical state in this region must be
a mixed state, which will be discussed in Sec. III B.
2. Phase Sensing
Now we introduce another metrological task in terms of
phase sensing in a balanced Mach-Zehnder interferometer
(MZI) as shown in Fig. 1 (b). The MZI is a paradigmatic
model in optical metrology [13, 16, 22, 24] with the bench-
mark example by feeding a coherent state and a squeezed vac-
uum state [13, 16, 27, 28], which has been used in the LIGO
experiments for quantum enhanced sensitivity [19]. Here this
idea is generalized by feeding a coherent state |αr〉 and a quan-
tum state ρˆ [43]. For a given input state ρˆ, it has been shown
that the optimal precision in estimating the phase difference
between two paths in a MZI is achieved by choosing the first
beam-splitter to be 50/50, i.e., balanced [43, 48, 49].
The optimal QFI at the MZI is given by FMZIθ (ρˆ) = N +
|αr |2
2
[
FX (ρˆ) − 2], where N = |αr |2 + n¯ is the mean num-
ber of total input photons. Similar to quadrature sensing,
the QFI relates to phase estimation sensitivity in the MZI as
∆2Θ ≥ 1/MFMZIθ (ρˆ) [24]. Therefore, two implications can
follow from the expression of the QFI [43]:
(i) FMZIθ (ρˆ) > N ⇔ FX (ρˆ) > 2, meaning that achieving sensi-
tivity beyond the SQL in quadrature sensing using ρˆ is equiv-
alent to that in phase sensing in the MZI.
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Class 2 Class 3
FIG. 2. Sets of states categorized by the ORT measure N and the
metrological power W. The white region between the black (the
largest) and the green (the second largest) ovals corresponds to the set
of classical states, i.e., N (ρˆcl) = 0. The region inside the green (the
second largest) oval is the set of nonclassical states, i.e.,N (ρˆnc) > 0.
The region inside the red (the third largest) oval is the set of nonclas-
sical states with nonzero metrological power, i.e.,W
(
ρˆmp
)
> 0. The
region inside the blue (the smallest) oval is the set of nonclassical
pure states, which is further categorized into three different classes
according to their nonclassicality per unit energy (see the text in
Sec. III A for details).
(ii) Heisenberg-limited phase sensing, i.e., FMZIθ ∼ N2, can be
achieved when FX (ρˆ) − 2 ∼ n¯. In particular, this condition is
met when N(ρˆ) ∼ n¯ for pure states by employing the equality
in Eq. (5). We define Nn¯ (ρˆ) ≡ N (ρˆ) /n¯ as the nonclassicality
per unit energy. Then the Heisenberg-limited sensing can be
achieved when Nn¯ ∼ 1.
III. Evaluating nonclassicality
A. Nonclassicality for pure states
We have shown that nonclassical pure states have the abil-
ity to achieve sensitivity beyond the SQL in both displacement
sensing and interferometric phase sensing schemes. Accord-
ing to Eq. (5), the amount of nonclassicality of a pure state
has a one-to-one correspondence to its power for quantum-
enhanced metrology, which is the region in the blue oval (the
smallest oval) in Fig. 2. Furthermore, we can categorize the
nonclassical pure states into three classes using the nonclassi-
cality per unit energy:
(i) Class 1: limn¯→∞Nn¯ = 2;
(ii) Class 2: 1 ≤ limn¯→∞Nn¯ < 2;
(iii) Class 3: 0 < limn¯→∞Nn¯ < 1.
In addition, we study single-photon added states and how they
can be put into these categories.
1. Class 1: The asymptotic maximum nonclassical states
limn¯→∞Nn¯ = 2
It has been shown that a squeezed vacuum state |ξ〉 has
the maximum nonclassical state per unit energy [43] with
4ξ
n or ψ
4 hα+
α-ψ
3 h
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0
2
4
6
8
n
N
n_
FIG. 3. Nonclassicality per unit energy Nn¯ for different pure states
as a function of n¯.
Nn¯ = 1 +
√
1 + 1/n¯. Therefore, it is the most useful state in
the MZI for phase sensing with a coherent input [16, 20]. Here
we investigate the class of states that can achieve the asymp-
totic maximum nonclassicality, i.e., limn¯→∞Nn¯ = 2, which
could provide alternative possibilities to a squeezed vacuum
in quantum-enhanced metrology.
Consider a pure state |ψ〉 = ∑Lk=1 ck |αk〉 that is a super-
position of L coherent states |αk〉. The complex amplitudes
αk and the coefficients ck satisfy the normalization condition∑
j,k c jc∗k f jk = 1, where f jk = 〈αk |α j〉. Using this repre-
sentation, we find a class of cat states that can achieve the
asymptotic value of maximum nonclassicality 2n¯ in the limit
of n¯  1. One way to obtain some of these states is to choose
α¯ = 0 and n¯ = |ξ¯|. Using the superposition of coherent states,
we find
α¯ = 〈ψ| aˆ |ψ〉 =
∑
c jc∗kα j f jk ≈
∑
|c j|2α j,
ξ¯ = 〈ψ| aˆaˆ |ψ〉 =
∑
c jc∗kα
2
j f jk ≈
∑
|c j|2α2j ,
n¯ = 〈ψ| aˆ†aˆ |ψ〉 =
∑
c jc∗kα jα
∗
k f jk ≈
∑
|c j|2
∣∣∣α j∣∣∣2 , (6)
where ≈ are made in the limit of |αk − α j|  1 such that
f jk ≈ δ jk. Then α¯ = 0 is equivalent to the weighted sum of all
coherences to be zero. n¯ = |ξ¯| limits the choice of the phases
of α j such that α2j have to be all in the same orientation.
For concreteness, we list some of these states. They can
be even and odd cat states |α〉± = N−1/2± (|α〉 ± |−α〉) [50] with
N± = 2 ± 2e−2|α|2 and their nonclassicalities per unit energy
are given by 1 + N±/N∓. Another example is a three-headed
cat state |ψ〉3h = N−1/23h (|α〉 + |0〉 + |−α〉) withNn¯
(|ψ〉3h) = 1 +
(N+ + 2e−|α|
2/2)/N−, where N3h = 3 + 4e−|α|
2/2 + 2e−2|α|2 . The
values of Nn¯ of these states all approach to 2 for n¯  1 (Fig.
3).
Our results show that there is a class of nonclassical states
that are as useful as a squeezed vacuum for phase sensing in
the MZI in the asymptotical limit, which are important for a
number of experiments, such as gravitational wave detections
using the LIGO [19, 27, 28].
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FIG. 4. Nonclassicality per unit energy of squeezed coherent states
|α, ξ〉 as a function of |α|2 normalized with respect to (sinh 2r) /2
at r = 5. For 2|α|2 . sinh 2r, Nn¯ & 1, indicating the ability for
Heisenberg-limited sensing.
2. Class 2: 1 ≤ limn¯→∞Nn¯ < 2
The second class of nonclassical states are also useful for
Heisenberg-limited sensing in the MZI. To find states that be-
long to this class, we consider two approaches: (i) adding
a coherent displacement D(α) [1] onto the states in the first
class; (ii) searching for the conditions that α¯ = 0 and ξ¯ < n¯
according to Eq. (3).
The nonclassicality N is fixed by adding a coherent dis-
placement since it is a classical operation [37], while the non-
classicality per unit energyNn¯ decreases. We give an example
using the squeezed coherent states |α, ξ〉 = D(α)S(ξ) |0〉. For
a squeezed coherent state, we calculate its nonclassicality to
be N (|α, ξ〉) = sinh2 r + cosh r sinh r, where ξ = reiθ. Obvi-
ously, N (|α, ξ〉) is independent of the coherent displacement.
The nonclassicality per unit energy of the state is given by
Nn¯ (|α, ξ〉) = sinh
2 r + cosh r sinh r
|α|2 + sinh2 r . (7)
When we increase |α|, the nonclassicality per unit energy
will be reduced. For 0 < |α|2 ≤ cosh r sinh r, we find
1 ≤ Nn¯ (|α, ξ〉) < 2 for n¯  1 (Fig. 4).
In the second approach, we consider a few examples that
the conditions α¯ = 0 and ξ¯ < n¯ are met. For example, Fock
states have nonclassicalities simply given by N(|n〉) = n ac-
cording to Eq. (3). They are an important class of nonclas-
sical states which are also non-Gaussian [51] and they can
allow Heisenberg-limited phase sensing in a interferometer
together with another input state, classical [17, 18] or non-
classical [14, 25]. A superposition of two Fock states [52]
|ψ(n)〉 = 1/√2 (|0〉 + |n〉) can have nonclassicality Nn¯(|n〉) =
1 + δ0,2/
√
2, which can also allow Heisenberg-limited sen-
sitivity [26]. For another example, a four-headed cat state
|ψ〉4h = N−1/24h (|α〉 − |iα〉 + |−α〉 − |−iα〉) with N4h = 4 −
8e−|α|2 cos |α|2 +4e−2|α|2 , which is also useful for quantum error
correction [12], has the same nonclassicality as a Fock state
for the same amount of energy, i.e., Nn¯ (|ψ〉4h) = 1. The non-
classicalities per unit energy of these states are shown in Fig.
3 as a function of n¯.
5TABLE I. Nonclassicality with Single-photon addition
|α〉 |ξ〉 |α〉±
N 0 12 (e2r − 1) |α|2 (1 + N∓/N±)
Nn¯ 0 1 +
√
1 + 1n¯ 1 + N±/N∓
N[aˆ†] 1
1 + |α|2
1
2 (3e
2r − 1)
|α|2
(
|α|2 + 3
) (
1 + N∓N±
)
+ 1
|α|2N∓/N± + 1
N[aˆ†]n¯ 1(
1 + |α|2)2 1 +
√
1 + 1n¯ − 2n¯2
|α|2
(
|α|2 + 3
) (
1 + N∓N±
)
+ 1
|α|2 (|α|2 + 3N∓/N±) + 1
a† α+α+
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FIG. 5. Nonclassicality of an even cat state |α〉+ and that after a
single-photon addition as a function of n¯.
3. Class 3: 0 < limn¯→∞Nn¯ < 1
This class of states are less nonclassical than the previous
two classes. Nevertheless, they can provide sensitivity be-
yond the SQL in the sensing tasks. States that fall in cate-
gory must have nonzero coherence, i.e., α¯ , 0. For example,
they can be coherent squeezed states with |α|2 > cosh r sinh r,
0 < Nn¯ (|α, ξ〉) < 1 (see Fig. 4).
In summary, we have categorized the nonclassical pure
states into three classes using the nonclassicality measure per
unit energy. This provides a useful reference for comparing
nonclassicality for any pure states in terms of quantum metrol-
ogy.
4. Photon-added states
Now we study the nonclassicality of a state after single-
photon addition [52–56], which can be achieved via con-
ditioned nonlinear interaction with a single two-level atom
[53] or a parametric crystal [54, 55]. Single-photon addition
has been demonstrated to generate nonclassical features using
classical states [54, 55]. Here we examine quantitatively the
nonclassicalities of a quantum state before and after single-
photon addition (indicated by N[aˆ†] and N[aˆ†]n¯ in Table I).
We observe that the nonclassicality is increased for all
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FIG. 6. Nonclassicality per unit energy of an even cat state |α〉+ and
that after a single-photon addition as a function of n¯.
the states we studied. For example, single-photon added
coherent state |1, α〉 ≡ aˆ†√
1+|α|2
|α〉 [54, 55] has a nonclas-
sicality of 1/(1 + |α|2) comparing with zero of a coherent
state. We note that the nonclassicality of |1, α〉 is smaller
than that of a coherent-displaced single-photon state |α, 1〉 =
D(α) |1〉. The reason is that the former is a superposition of
a coherent state (a classical state) and |α, 1〉, i.e. |1, α〉 =
(α∗ |α〉 + |α, 1〉) /√1 + |α|2, so that its nonclassicality is be-
tween 0 and 1. Interestingly, for initial nonclassical states in
Class 1 (limn¯→∞Nn¯ = 2), the nonclassicality enhancement,
N[aˆ†] −N , after single-photon addition can be much greater
than 1. For example, the nonclassicality of single-photon
added squeezed vacuum is almost three time larger than its
value before the operation (Table I). Similarly, the nonclassi-
cality of even cat states is increased to twice its value when
n¯ = 2 as shown in Fig. 5. This result suggests a potential
protocol for preparing a stronger nonclassical state via single-
photon addition.
We also observe that the nonclassicality per unit energy,Nn¯,
after single-photon addition is between the value of the single-
photon state and that of the state before the operation. For ex-
ample, 0 < Nn¯(|1, α〉) < 1, and 1 < Nn¯(|1, ξ〉) < 1 +
√
1 + + 1n¯ .
For Fock states, the nonclassicality per unity energy is the
same before and after the single-photon addition. For cat
states, we provide the derivations in Table I. However, the
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FIG. 7. The metrological powerW of single-photon-added thermal
state ρˆth,1 as a function of mean thermal photon number n¯th. The
metrological power transits from positive values to zero as n¯th in-
creases.
analytical results are difficult to see this feature, so we plot
the even cat state before and after the single-photon addition
as an example in Fig. 6. The nonclassicality per unit energy
decreases after single-photon addition for the even cat state al-
though the difference is marginal for n¯  1. We have checked
this statement for a single-photon added odd cat state and we
conjecture it to be true for any pure states.
B. Nonclassicality for mixed states
Although pure states are ideal for various applications,
mixed states are inevitable in practical situations due to their
coupling to the environment. According to Eq. (2), evaluat-
ing single-mode nonclassicality for mixed states is a nontrivial
task as one needs to find the minimum value of the expression
among all possible decomposition of ρˆ, while the number of
decompositions can be infinite in principle.
To evaluate the ORT measure, we analyze the structure of
a special class of mixed states that can be written in diagonal
Fock basis. We study some properties of these states and de-
rive the nonclassicalities of some nontrivial examples. In the
situation when directly evaluating the nonclassicality measure
is challenge, for example a mixed state with an infinite dimen-
sions, we can lower boundN (ρˆ) using the metrological power
W (ρˆ) from QFI via Eq. (5). We provide an example using a
single-photon added thermal state.
We consider those states that can be written in diagonal
Fock basis, i.e. ρˆ =
∑L
i=0 pi |i〉 〈i|, where
∑L
i pi = 1 and pi ≥ 0.
Obviously, {pi, |i〉} is one possible decomposition. Therefore,
any decomposition of ρˆ can be given by
ρˆ =
K∑
j=0
q j |φ j〉 〈φ j| , (8)
where |φ j〉 = 1/√q j ∑Li=0 Ui j √pi |i〉, q j = ∑Li=0 Ui jU∗i jpi, and
K ≥ L. The matrix U is an isometry such that ∑Kj=0 Ui jU∗i′ j =
δi,i′ .
For any decomposition, we have n¯ j = 1/q j
∑L
i=0 Ui jU
∗
i jpii,
α¯ j = 1/q j
∑L
i=0 Ui jU
∗
i−1 j
√
pipi−1i, and ξ¯ j =
1/q j
∑L
i=0 Ui jU
∗
i−2 j
√
pipi−2i(i − 1). Interestingly, we find
that for any decomposition set {q j, |φ j〉}, the following
properties hold
K∑
j=0
q jn¯ j = 〈aˆ†aˆ〉 ,
K∑
j=0
q jα¯ j = 0,
K∑
j=0
q jξ¯ j = 0, (9)
where 〈aˆ†aˆ〉 = ∑Li=0 pii. According to its definition Eq. (2),
we obtain that
N (ρˆ) = 〈aˆ†aˆ〉 − max
{q j,|φ j〉}
{ K∑
j=0
q j|α¯ j|2 −
∣∣∣∣∣ K∑
j=0
q jα¯2j
∣∣∣∣∣} ≤ 〈aˆ†aˆ〉 .
(10)
The inequality can be achieved when α¯ j = 0 and some
trivial solutions are the state ρˆ with pipi−1 = 0 for any i.
For example, ρˆ =
∑L
i=0 p2i |2i〉 〈2i|, which can be a com-
pletely phase-damped squeezed vacuum state with p2i =
(cosh r)−1 (2i)!
(i!)2
(
1
2 tanh r
)2i
. Another example is the state ρˆ =
p |0〉 〈0| + (1 − p) |n〉 〈n| (n > 2), whose nonclassicality equals
to its pure state counterpart 1/
√
p |0〉 + 1/√1 − p |n〉. This
suggests that certain the nonclassicality of Fock state super-
positions may not be affected by a phase-damped environment
[57].
On the other hand, the nonclassicality is lowered bounded
via the relation
N (ρˆ) ≥ 〈aˆ†aˆ〉 − max
{q j,|φ j〉}
K∑
j=0
q j|α¯ j|2 (11)
when
∑K
j=0 q jα¯
2
j = 0. Now we consider some examples to
achieve this lower bound. If the state consists of two nearest
Fock basis, e.g,
ρˆ2F = (1 − p) |n + 1〉 〈n + 1| + p |n〉 〈n| , (12)
it can be decomposed via |φ j〉 =
1/
√
2q j
( √
1 − peiϕ j cos θ j |n + 1〉 + √p sin θ j |n〉
)
( j = 0, 1, 2, 3) and choosing ϕ0 = ϕ1 = ϕ2 − pi/2 = ϕ3 − pi/2
and θ0 = θ1 − pi/2 = θ2 = θ3 − pi/2. We find
max
{q j,|φ j〉}
K∑
j=0
q j|α¯ j|2
= max
θ
 (n + 1)p(1 − p) sin
2 θ cos2 θ[
(1 − p) cos2 θ + p sin2 θ
] [
p cos2 θ + (1 − p) sin2 θ
]

=(n + 1)p(1 − p). (13)
So the nonclassicality of the state is N (ρˆ2F) = (n + 1)(1 −
p)2 + np.
For a mixed state with components L ≥ 3, the analytical
optimization can be more difficult. Instead, we use the oper-
ational relation Eq. (5) to lower-bound the nonclassicality N
of ρˆ =
∑L
i=0 pi |i〉 〈i|, which is given by
N (ρˆ) ≥ W (ρˆ) = max
 L∑
i=1
ipi (pi − pi−1)
pi + pi−1
, 0
 . (14)
7TABLE II. Comparison of Nonclassicality Measures for a pure state |ψ〉 = ∑Lk=1 ck |αk〉
Nonclassical depth τ [33] Degree of Nonclassicality [35] RT measure Q [41, 42] ORT measure N [43]
Convolution parameter
Definition for a positive-definite ENcl = 1 − e−L+1 2
(
n¯ − |α|2
)
n¯ − |α¯|2 + ∣∣∣ξ¯ − α¯2∣∣∣
quasi-prob. distribution
Operationality unknown unknown Pure states only An arbitrary state
Maximum value 1 1 2n¯ n¯ +
√
n¯(n¯ + 1)
Most nonclassical states Non-Gaussian states States with r = ∞ |n〉 , |ξ〉 , |α〉±, etc. |ξ〉
Distinguishability of |n〉 No Yes Yes Yes
Distinguishability of |ξ〉 Yes No Yes Yes
Distinguishability
between |n〉 and |ξ〉 Yes Yes No Yes
We observe from the above expression that W can be zero
even for a nonclassical mixed state, meaning there is no
metrological advantage for sensing tasks using certain non-
classical states, which falls into the region between the red
and the green ovals in Fig. 2. An example we give is a single-
photon added thermal state ρˆth,1 with pi = in¯2
(
n¯
n¯+1
)i+1
, which is
shown to be nonclassical for any positive value of n¯th [58, 59].
However,W = 0 for n¯th > 0.4567 (see Fig. 7).
IV. Discussion
We summarize some interesting properties of the ORT mea-
sure of nonclassicality in comparison with those of some im-
portant existing measures in Table II. We give an example by
discussing the nonclassicalities of Fock states and squeezed
vacuum states using these measures.
According to the nonclassicality depth [33], Fock states
have the same nonclassical depth of 1, which is always greater
than any nonclassical Gaussian states, e.g., squeezed vac-
uum states, of which the nonclassical depth is between 0 and
1/2. The nonclassicality depth concludes Fock states are more
nonclassical than squeezed vacuum states regardless of the
squeezing strength. The conclusion is exactly the opposite
using the definition via the Schmidt rank [35]. In that defini-
tion, any squeezed vacuum state has the maximum nonclassi-
cality independent of its squeezing strength r, while those of
Fock states |n〉 increase with n and are bounded by the max-
imum value. Using the RT measure measure Q [41, 42], the
nonclassicality of Fock states and squeezed vacuum states are
equal for a fixed energy and it grows with the energy.
Using the ORT measure, we draw some different conclu-
sions. First, the ORT nonclassicality measure can be used
to compare non-Gaussian states (Fock states) with that of
Gaussian states (squeezed vacuum states) from the opera-
tional meaning. Second, the measure for both Fock states and
squeezed vacuum states increases with its energy, but it in-
creases at different rates such that the squeezed vacuum states
are more nonclassical for a fixed energy. One implication is
that the nonclassicalities of these states can be the same when
a Fock state has more energy than that of a squeezed vacuum.
V. Conclusion
We have evaluated extensively the nonclassicality of single-
mode quantum states using the ORT measure, which satis-
fies the minimum requirements of the resource theory of non-
classicality and directly relates to the ability for quantum-
enhanced sensing tasks.
For pure states, the ORT measure quantifies the ability of
quadrature sensing and phase sensing in the balanced inter-
ferometer and we have investigated the measure for different
classes of states. In particular, we have discovered a class of
nonclassical states that can attain the maximum sensing abil-
ity in the asymptotic limit of large energy. We have also found
that single-photon additions can greatly improve nonclassical-
ity of a quantum state, hence its ability for quantum sensing.
For mixed states, the measure is difficult to evaluate as one
needs to find the convex roof expression over an infinite possi-
bilities of decompositions of a quantum state ρˆ. Nevertheless,
we have studied some nontrivial examples by analytically de-
riving the measure, which provides some idea of evaluating
nonclassicality for mixed states.
Our work has taken a step further in quantitatively under-
standing nonclassicality, which will be important for funda-
mental research in quantum optics and practical applications
in quantum technologies. In particular, our results on evaluat-
ing single-mode nonclassicality will have useful applications
in quantum sensing tasks.
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